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a b s t r a c t
Several groups are associated naturally with acyclic directed
graphs and in particular with partially ordered sets. It is investi-
gatedwhen these groups are abelian. Those acyclic directed graphs
where the groups are abelian are characterized as in-Eulerian, out-
Eulerian, Eulerian and strongly Eulerian. Here strongly Eulerian
means that for any two elements the parity of their common out-
neighbors is equal to the parity of their common in-neighbors. We
also give an upper bound for the order of themod 2 raising operator
which is the most prominent generator of the groups.
© 2010 Elsevier Ltd. All rights reserved.
1. Some groups associated with acyclic digraphs
In the last twenty years via a construction originating in [4] and results in [5] a permutation group
acting on the power set P(X) was associated with an n-element poset X [2,3] and it was shown that
this permutation group is either Sn or An. A further reference is [6].
In this note some further permutation groups are associatedwith a poset (andmore generally with
an acyclic directed graph). This association is independent of the construction of [4]. It is shown in this
note that by the present construction a larger variety of such permutation groups acting on P(X) can
be obtained, and in particular even abelian groups are obtained.
A directed graph (or just digraph)D consists of a nonempty finite set V (D) of elements called vertices
and a finite set A(D) of ordered pairs of distinct vertices called arcs. We call V (D) the vertex set and
A(D) the arc set of D. We will often write D = (V , A)which means that V and A are the vertex set and
arc set of D, respectively. A digraph D is acyclic if it has no cycle. In this paper all digraphs are acyclic
and simple in the sense that they have no multiple arcs. For any other terminology on digraphs we
refer the reader to [1].
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Let D be a digraph and let x1, x2, . . . , xn be an ordering of its vertices. We call this ordering an
acyclic ordering if, for every arc (xi, xj) in D, we have i < j. Since no cycle has an acyclic ordering, no
digraph with a cycle has an acyclic ordering. On the other hand, every acyclic digraph has an acyclic
ordering of its vertices [8].
The examples of primary interest are partially ordered sets (posets). A poset P = (V , <) is a set
V equipped with a binary relation< on V which is irreflexive (that is, no element x ∈ V is such that
x < x), antisymmetric and transitive. With a poset P we associate two directed graphs. The first one,
which we call the directed graph of P , is denoted as D(P) = (V , A), where A is the set of comparable
pairs, that is, pairs (x, y) such that x < y. The second one, which we call the covering directed graph
of P , is denoted as CD(P) = (V , A), where A is the set of covering pairs, that is, pairs (x, y) such that
x < y and there is no z ∈ V such that x < z < y.
We should mention that with an acyclic digraph D = (V , A) we can associate a poset by taking
the transitive closure, that is, the smallest binary relation on V which is irreflexive, antisymmetric and
transitive containing A.
Assume that D = (V , A) is an acyclic digraph. We define for x ∈ V
↑ x = {z ∈ V : (x, z) ∈ A} and ↓ x = {z ∈ V : (z, x) ∈ A}. (1)
Note that x ∉↑ x∪ ↓ x since our directed graphs have no (directed) loops. We identify the power
set P(V )with the space of all mod 2 linear combinations of the set V , so that
P(V ) = Z2[V ].
Wemay then define two mappings on the set V by
σ(x) = x+
−
z∈ ↑x
z and τ(x) = x+
−
z∈ ↓x
z
and then extend these maps by mod 2 linearity to Z2-linear maps
σ , τ : Z2[V ] → Z2[V ].
We may also define the map ξ : P(V )→ P(V ) by taking set complements, i.e. forW ⊆ V we get
ξ(W ) = V \W .
Note that ξ is not a Z2-linear mapping. But taking the all one vector u = (1, 1, . . . , 1) ∈ Z2[V ]we
get for any vectorw ∈ Z2[V ] that ξ(w) = w + u. Hence ξ is an affine map.
It is now clear that in the canonical basis V with some suitable total ordering chosen which is
extending the poset generated as the transitive closure of the given digraph, the linear mappings σ
and τ have matrices which are lower and upper triangular respectively.
We may then define the following four groups.
(a) The group Gr(σ , ξ) generated by σ and ξ , and the group Gr(τ , ξ) generated by τ and ξ .
(b) The group Gr(σ , τ ) generated by σ and τ .
(c) The group Gr(σ , τ , ξ) generated by σ , τ , ξ .
2. Conditions for commutativity of the groups: the main results
In general none of these groups are commutative (abelian). It is clear that the reversal of the digraph
interchanges the two groups defined in (a).
Let us define n = |V |. We assume in the rest of the paper that the digraphs are not void, i.e. |A| > 0.
We remark that the first two of these groups Gr(σ , ξ) and Gr(τ , ξ) are 2-groups. This is clear since the
generating elements of Gr(τ , ξ) can be viewed in the unipotent group U(n+1, 2) of upper triangular
matrices with unit diagonal by letting
T =

τ 0
0 1

and Ξ =

In u
0 1

and the linear group generated by these two matrices is isomorphic to the group Gr(τ , ξ), as the
unipotent group U(n+ 1, 2) is the 2-Sylow subgroup of GL(n+ 1, 2). Thus Gr(τ , ξ) < U(n+ 1, 2) is
a 2-group. And similarly for Gr(σ , ξ).
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Fig. 1. A Hasse diagram of a poset which is Eulerian but not strongly Eulerian.
In this paper we classify all groups that may arise as the groups (a), (b), (c) as above if they are
abelian. Notationally we let Cm be the multiplicative cyclic group of orderm.
Theorem 1. (i) If the group Gr(σ , ξ) (or Gr(τ , ξ)) is abelian, then there exists a non-negative integer
e ≥ 1 such that Gr(σ , ξ) ∼= C2 × C2e (or Gr(τ , ξ) ∼= C2 × C2e ). Any such abelian group arises as the
associated group of a digraph (and indeed of a poset) as in (a).
(ii) If the group Gr(σ , τ ) is abelian, then there exists an integer e ≥ 1 such that Gr(σ , τ ) ∼= C2e × C2e .
Any such abelian group arises as the associated group of a digraph (and indeed of a poset) as in (b).
(iii) If the group Gr(σ , τ , ξ) is abelian, then there exists an integer e ≥ 1 such that Gr(σ , τ , ξ) ∼=
C2 × C2e × C2e . Any such abelian group arises as the associated group of a digraph (and indeed of
a poset) as in (c).
The height ht(D) of an acyclic digraph D is the number of vertices in a longest directed path. We
remark that the integer e in Theorem 1 is related to the height ht(D) of the acyclic digraph D by the
equation
e = ⌈log2(ht(D))⌉. (2)
A proof of this fact is given in the last section of this paper.
We also give necessary and sufficient conditions for the acyclic digraphs to have associated abelian
groups pertaining to all three cases. For this we need some further definitions.
We say that a digraph is in-Eulerian iff | ↓ x| is even, and we say that it is out-Eulerian iff | ↑ x| is
even, for every x ∈ V . We say that the digraph is Eulerian if it is both in-Eulerian and out-Eulerian.
Note that this terminology is following the graph case and does not agree with the terminology for
certain special posets as given in [7].
We say that the acyclic digraph D is strongly Eulerian iff for every pair of elements x, z ∈ V the
condition
|↑ x ∩ ↑ z| ≡ |↓ x ∩ ↓ z| mod 2
holds. In this condition also the case x = z is included. A poset P is Eulerian (strongly Eulerian) if D(P)
is Eulerian (strongly Eulerian).
We remark that if a poset is strongly Eulerian, then it is Eulerian. If x > y, then
↑ x∩ ↑ y =↑ x,↓ x∩ ↓ y =↓ y
and in a strongly Eulerian poset | ↑ x| ≡ | ↓ y|mod 2. By choosing y to be a minimal element (or
x a maximal element) we see that this cardinality is always even. In Fig. 1 we give an example of a
Eulerian poset that is not strongly Eulerian. Indeed | ↑ a∩ ↑ c| = 1 but | ↓ a∩ ↓ c| = 0.
In Fig. 2 we give an example of a strongly Eulerian acyclic digraph which is not Eulerian. Indeed
this digraph is neither in-Eulerian nor out-Eulerian. Its group Gr(σ , τ ) is abelian but neither Gr(σ , ξ)
nor Gr(τ , ξ) is abelian.
Theorem 2. (i) An acyclic digraph has its group Gr(σ , ξ) abelian iff it is in-Eulerian. Correspondingly it
has its group Gr(τ , ξ) abelian iff it is out-Eulerian.
(ii) An acyclic digraph has its group Gr(σ , τ ) abelian iff it is strongly Eulerian.
(iii) An acyclic digraph has its group Gr(σ , τ , ξ) abelian iff it is both Eulerian and strongly Eulerian.
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Fig. 2. An acyclic digraph which is strongly Eulerian but not Eulerian.
Corollary 1. If for a poset the group Gr(σ , τ ) is abelian, then both groups Gr(σ , ξ) and Gr(τ , ξ) are
abelian. For a poset the group Gr(σ , τ ) is abelian iff the group Gr(σ , τ , ξ) is abelian.
3. Proof of Theorem 2
For the all one vector u ∈ (Z2)n we have (with integer coefficients) that
σ(u) =
−
y∈V
(| ↓ y| − 1) · y. (3)
For part (i) assume first that the digraph D is in-Eulerian. Then from (3) by reducing the coefficients
modulo 2 we get that σ(u) = u. Hence σξ(x) = σ(x+ u) = σ(x)+ u = ξσ (x). This shows that the
group Gr(σ , ξ) is abelian. Now assume conversely that σξ = ξσ holds. Then we get (identifying the
zero vector with the empty set in P(V )) that
σ(u) = σξ(0) = ξσ (0) = ξ(0) = u
and hence from (3) we obtain that we must have | ↓ x| ≡ 0 mod 2 for all vertices x ∈ V and hence
that the digraph is in-Eulerian. The case Gr(τ , ξ) is dual to the given case and hence can be omitted.
In the following we use the canonical symmetric bilinear map for v,w ∈ Z2[V ] given by ⟨v,w⟩ =∑
x∈V vxwxmod 2. Let S be the subset associated with the vector v ∈ Z2[V ]. Note that for z ∈ V we
have z ∈ S iff ⟨v, z⟩ = 1. Observe the following facts about the operators σ and τ . They are adjoint
with respect to the canonical bilinear map.
⟨σv,w⟩ = ⟨v, τw⟩.
If S ⊂ V , then z appears with coefficient 1 in the sum∑y∈S σ(y) iff |τ(z) ∩ S| is odd. Similarly z
appears with coefficient 1 in the sum
∑
y∈S τ(y) iff |σ(z) ∩ S| is odd.
For part (ii) consider the two expressions
στ(x) = σ

x+
−
y∈↓x
y

(4)
τσ (x) = τ

x+
−
y∈↑x
y

. (5)
Using the above observation an element z ∈ V appears in the first expression iff |τ(x) ∩ τ(z)| is an
odd number. Similarly z appears in the second expression iff |σ(x) ∩ σ(z)| is an odd number. Thus
στ = τσ iff
|↑ x∩ ↑ z| ≡ |↓ x∩ ↓ z| mod 2
for all x, z ∈ V which means that the digraph is strongly Eulerian.
Finally for part (iii) the group Gr(σ , τ , ξ) is abelian iff Gr(σ , ξ),Gr(τ , ξ) and Gr(σ , τ ) are all
abelian. Hence (3) follows from (1) and (2).
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Fig. 3. An acyclic digraph which has Gr(σ , ξ) ∼= C2 × C2e , case e = 4.
4. The existence and proof of Theorem 1
Now we prove Theorem 1 by showing the existence of acyclic digraphs with the corresponding
abelian groups.
It is clear that the multiplicative order of ξ is 2. Note that ξ is not contained in the cyclic group
generated by σ . Hence the group Gr(σ , ξ) being abelian must take the form as in Theorem 1(i) with
2e = ord(σ ).
Consider a directed graph as in Fig. 3 with a bottom directed path of 2e−1 + 1 vertices, so that
n = 2e−1 + 2.
Denote the vertices in the directed path as v1, v2, . . . , v2e−1 , v2e−1+1 and computeσ(vj) = vj+vj+1.
Now by induction on h assume that it is known for any k < h and for any jwith j+2h ≤ 2e−1+1 that
we get
σ 2
k
(vj) = vj + vj+2k .
Then we may compute
σ 2
h
(vj) = σ 2h−1σ 2h−1(vj) = σ 2h−1(vj + vj+2h−1) = vj + vj+2h .
This applies in particular to j = 1 and to h = e− 1. Hence we obtain
σ 2
e−1
(v1) = v1 + v2e−1+1.
This shows that σ 2
e−1 ≠ 1.
Vice versa, by a similar induction argument we may show that
σ 2
h
(vj) = vj whenever j+ 2h > 2e−1 + 1.
Hence it is clear that σ 2
e
(vj) = vj for all jwith 1 ≤ j ≤ 2e−1 + 1.
We have shown by induction that σ 2
h ≠ 1 for h < e and that σ 2e = 1. Hence the multiplicative
order of σ is 2e.
It is clear by inspection that the digraph in Fig. 3 is in-Eulerian. Hence from Theorem 2 we obtain
that Gr(σ , ξ) ∼= C2 × C2e .
The posetwith Gr(σ , ξ) ∼= C2×C2e is obtained from Fig. 3 by taking the bottom chain as an ordered
chain. Details are omitted. This proves Theorem 1(i).
For the proof of part (ii) consider the poset of Fig. 4 with 2e−1 + 1 diagonal elements so that
n = 3 · (2e−1 + 1)− 2.
Considering the diagonal chain v1, v2, . . . , v2e−1 , v2e−1+1 as in Fig. 4 for the case e = 3.
In a similar way to before we see that for j+ 2h ≤ 2e−1 + 1 we have
σ 2
h
(vj) = vj + vj+2h + wj+2h .
Hence in particular σ 2
e−1
(v1) = v1 + v1+2e−1 +w1+2e−1 ≠ v1 and thus σ 2e−1 ≠ 1. But again as in the
previous case if j+ 2h > 2e−1 + 1, then
σ 2
h
(vj) = vj.
This shows that themultiplicative order of σ is 2e. Analogouslywe obtain that themultiplicative order
of τ is 2e.
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Fig. 4. An acyclic digraph which has Gr(σ , τ ) ∼= C2e × C2e , case e = 3.
It is easy to verify from Fig. 4 and its analogue in the general case that the poset is strongly Eulerian.
Thus by Theorem 2 the group Gr(σ , τ ) is abelian. As both σ , τ have multiplicative order 2e we need
to show that the order of στ also is 2e in order to get the isomorphism Gr(σ , τ ) ∼= C2e × C2e .
In order to prove this assume that for some smaller power of 2 like 2h, say, we have (στ)2
h = 1.
Then of course we must have for some x ∈ V that
x ≠ σ 2h(x) = τ 2e−2h(x).
It is clear that there must exist y ∈ V , y ≠ x which appears in σ 2h(x). Hence there exists a finite
sequence x0 = x, x1, x2, . . . , xs−1, xs = y with (xi, xi+1) ∈ E for all i = 0, 1, 2, . . . , s − 1. But since y
also appears in τ 2
e−2h(x) there exists a similar sequence from y to x, contradicting the acyclic property
of the given digraph. This ends the proof of (ii).
Finally for the proof of (iii), if Gr(σ , τ , ξ) is abelian, then so is Gr(σ , τ ), and as ord(ξ) = 2 it is
easily checked that we have a direct product
Gr(σ , τ , ξ) ∼= Gr(σ , τ )× C2.
Hence (iii) follows from (ii).
5. A bound for the multiplicative order of the mod 2 raising operator in general acyclic directed
graphs
Assume as before that we have any finite acyclic directed graph D(V , A).
For any fixed vertex x ∈ V we consider the mod 2 raising operator
σ(x) = x+
−
z∈↑x
z. (6)
Consider any positive integer k. Let us write 2i ∈ k iff the term 2i appears in the dyadic expansion
of the integer k.
Let J = J(k) = {j : 2j ∈ k}. Then let
B(J) =
−
i∈I
2i : I ⊆ J

.
For example we have for k = 5 the set J(5) = {0, 2} and the set B({0, 2}) = {0, 1, 4, 5}.
For any path (without repetitions) π = πxy from x to y in the poset P let us write |π | for its length.
We also make the convention |πxx| = 0.
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Then the k-th iteration of the operator σ is given by the following formula:
σ k(x) =
−
|πxy|∈B(J)
y. (7)
Here the sum is taken over all paths in the covering relation starting at x and having length in the set
B(J). Hence the formula (7) is another Eulerian principle. If the length of the path is ‘‘right’’, then we
have to count whether there are an even or an odd number of paths from x to y of that length.
Note that if k = 2h is itself a power of 2, then J = {h} and hence B(J) = {0, 2h}. Thus we get the
formula
σ 2
h
(x) = x+
−
|πxy|=2h
y
where the sum is taken over all paths (without repetition) of length 2h starting from x. Again in the
very particular case of h = 0 we are back to formula (6).
The proof of (7) is standard using the tool of matrix multiplication mod 2.
If the longest path in D has length λ < 2h, then in particular this implies that σ 2
h
(x) = x for all
elements x ∈ V .
In particular we obtain that order(σ ) = 2c with c ≤ ⌈log2(ht(D)+ 1)⌉.
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